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NoseHoover chain method for nonequilibrium molecular dynamics simulation
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It is demonstrated that the Nosover chain(NHC) thermostat method influences the properties of a
system out of equilibrium. A simple modification of the NHC equations is proposed which enables both
steady-state averages and time correlation functions to be obtained correctly for nonequilibrium states, and
consistent with those computed using Gaussian isokinetic and-Noseer dynamics.
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[. INTRODUCTION equivalence between the Gaussian and Ndsever thermo-
statted nonlinear responses. The WCA fluid used in the
The NoseHoover chainNHC) method proposed by Mar- simulations consisted of systems =108, 512, and 2048
tyna, Klein, and Tuckermafl] has been considered a pri- particles interacting via a pairwise Lennard-Jones potential
mary tool for thermostatting small or stiff systems whereu(r)=4¢[(o/r)*—(o/r)®], truncated and shifted at its
other approaches are less efficient or even fail. The method iminimumr/o=2Y%. The equations of motion were the ther-
based on a hierarchy of thermostats, which are themselvesostatting SLLOD equationsl 5]
thermostatted. It is a generalization of the original Nose
Hoover (NH) dynamics[2] and is designed to produce iso-
thermal time reversible dynamics and a canonical distribu-
tion for both positions and momenta of many-particle
systems. _ Pi=Fi—XyPyi—{p; . @
The NHC method has been applied to a large number of
complex problems such as protein dynamig$ quantum In these equations; and p; are the position and peculiar
studies of metal-ammonia solutiof4], and the integration momenta of particle, respectively, andf; is the net force on
of the ab initio Car-Parrinello equationg5]. The NHC  particlei due to the other particles in the system,is the
scheme and its isothermal-isobaric version have been implenass of the particlex is the unit vector in thex direction,
mented in path integral simulation§]. For very stiff sys- andvy is the imposed strain raté.represents the thermostat-
tems a generalization of the NHC thermostat, called the maging mechanism and the expression for it depends on the
sive NoseHoover chain dynamicstMNHC), has been particular choice of the thermostat.
introduced[1,7]. It consists of attaching an independent In the case of the NH thermostat tligs governed by the
NoseHoover chain to each degree of freedom of the systentollowing equation:
The MNHC method has been used for calculating the free-

. Pi
0= T XYi, D)

energy of solids from first-principld$] and in the adiabatic o

switching procedure for an Einstein crysfd]. Also, the = “~ __ngT Q. @)
NHC and its isothermal-isobaric version have been used to

study molecular fluids under shed0]. whereT denotes the temperature; is the Boltzmann con-

Although the NHC approach is valid at equilibrium its stant,g is the number of degrees of freedom of the system,
utility for nonequilibrium problems is not so obvious andQ is a parameter that describes the coupling between the
[11,12. Recently, Holian, Voter, and Rave[d3] pointed particles and the thermal bath.
out that the desired kinetic temperature of the studied system For the NHC method[1], in the general case, the
can no longer be guaranteed away from equlibrium if thethermostat is represented bW thermostatting vari-
NHC dynamics is used. This undesirable feature of the NHGbles {{,¢,,...,{w} and M associated parameters
thermostat clearly casts some doubt concerning its generé,Q,, ...,Qu}. The thermostatting variablg, which is
applicability. In this paper we shall study this problem in the only one coupled directly to the system of particles, is
more detail and propose a simple modification of the NHCgoverned by the following chain of the equations:
equations which ensures correct temperature control away

from equlibrium. (X p?
§=(E ——gkeT| / Q={¢s, @
i=1 M
Il. NH AND NHC THERMOSTATS
: {=(QE%—kgT)/Qo— {als, 5
In order to analyze the behavior of the NHC thermostats £=(Q¢ 8T1)/Qa 6o ©
in the nonequilibrium nonlinear regime, we consider the spe- : B 2 B
cific system of a WCA fluid subjected to a Couette shear {u-1=(Qu-2{w-2=KeT/Qu-1=m-1m. (6
strain rate field, which are the same system and conditions as . )
used by Evans and Sarmpi] in their investigations of the {m=(Qm-1{m-1—ksT)/Qum . 0
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The results quoted in this work are in conventional re- 0.03 5
duced units: the length iar, the energy ire, the temperature ] NHC
in e/kg, and the time unit isrym/e. The Q parameters are M
in Lennard-Jones units. The state point simulated was at e 0:02 7
the reduced temperatufie=0.722, and a reduced density L., ]
=0.8442. Most calculations were performed at the reduced &
shear ratey=1. The equations of motion were solved using ]
a fourth-order Runge-Kutta method with a time stepAdf ] NH
=0.001. For the 108 and 512 particle systems the simula- ]

tions were carried out for 810° and 1x10° time steps, 0-00 4
respectively. For a 2048-particle system several calculations
for 5X 10° time steps were performed. 001 ]
The optimum choice for the paramet®rin the NH dy- R M 500 1000 1500 2000
namics has been the subject of several previous investiga- time t

tions[16,13. It has been established that the optimal choice o o
for Q is the value that reproduces correctly not only the FIG. 1. Deviations of the average kinetic temperature from the
average value of the kinetic energy but, importantly, also itégrget temperaturé,=0.722, as a function of accumulated simula-

: . . . tion time in the WCA fluid ofN=108 particles under shear=1
fluctuations.Q is proportional to the number of particles and .
can be approximately estimated from the expression with the NHC (upper curve and the NH(bottom curvée dynamics

(Q=Q9.
Q°~ NkgT (8) as long as 0.£Q<10, the calculated quantities were insen-
w? sitive to its exact value. The above results allow us to con-
_ o sider the values close to 0(3.0) as suitable values @ for
wherew is a characteristic frequency of the system. the studied WCA fluid oN=108 (N=512) particles both at

For Q<Q° there is a strong coupling between the systemequilibrium and steady-states under applied shear. For the
of particles and the thermal bath, manifest in a persistentp48-particle system, exploiting the relatit8) we estimate
underestimation of the fluctuations of the kinetic enefyy. the Q° to be Q°(2048)~2048Q°(108)/108< 10.
the limit, Q—0, the dynamics tend to produce an instanta- \We mention that a steady-state at the desired temperature
neous control of the temperature and thus the canonical dyyas reached quickly if the NH thermostat was uged., in
namics are no longer followed. . the case ofN=108, usually fewer than 210* time steps

In the weak coupling limitQ>Q°, the evolution of the  were required to achieve the target kinetic temperafyref
variable £ is too slow to produce efficient feedback of the 0.722). As may be seen in Fig. 1, the steady state was also
temperature and consequently a slow convergence to the CQeadily produced by the NHC dynamics. However, with
rect results is observed. It has also been observed that fahese dynamics the average temperature was significantly
Q~Q°, the autocorrelation functionfACF) of dynamical  higher than the required one. Consequently other quantities
quantities such as the kinetic energy or the thermostat Varbuch as the internal energy and the Components of the pres-
able itself, vanishes rapidly. However, fQr different from  syre tensor were different from the values obtained using the
Q°, the ACF decay slowly with long-lived oscillations. NH dynamics. We have checked, by performing simulations

In the case of the NHC method it has been argued that thgyo and five times longer, that the simulation length does not
additional M—1 parameters can be estimated quite wellchange the values of the averages and the temperature does
from the relationQ;= QN [1]. It has also been argued that not converge to the required value as simulation time in-
the choice of theQ-parameter values are less critical in the creases.

NHC approach than in NH dynamics. Unlike the sllod(so named because of its close relation-
In order to establish the optimum value of tQeparam-  ship to the Dolls tensor algorithmequations with the NH
eter for our system, we have performed some preliminaryjynamics, the sllod equations with the NHC thermostat pro-
simulations with the unshearéde., y=0) WCA fluid. Us-  duced a steady state with a “temperature” that strongly de-

ing several values o in the range 0.0+ 100 it was ob- pends on the particular value of tieparameter. This unde-
served that, in the 108-particle system governed by NH dysijrable behavior is demonstrated in Fig. 2. The temperature
namics, the temperature variance was close to the canonic@éviation increases monotonically with increasi@glt may
expectation for 0.£Q<10 and the best estimate was ob- seem that at small values &, the NHC dynamics are able
tained forQ°(108)~0.5. Similar calculations with the 512- to produce the correct value for the temperature. However,
particle system led to the optimal val@(512)~2. Calcu-  even at quite small values of th@ the deviations are still
lations performed with the same conditions using the NHCnhoticeable(e.g., for 108-particle system a@k= 0.05 we ob-
dynamics (M=2, Q,=Q/N) gave similar values for the op- tained(T)=0.7226). Furthermore, applying small values of
timal Q for 108- and 512-particle system. In both dynamics,Q compared to th&®, one shifts the dynamics towards the
the autocorrelation functions of the kinetic energy andstrong coupling limit(discussed aboyén which a very long
(£(t)£(0)), vanished rapidly when th@° was used and dis- oscillatory decay of the kinetic energy ACF is observed.
played a very long oscillatory decay whe&p<<0.1 or Q As may be seen in Fig. 2 th@ dependence of the “tem-
>10 was used. Similar behavior was observed when theerature” for the 512-particle system is very similar to that
shear rate y=1) was applied to th&l=108 particle system of the (smal) 108-particle system. The “temperature” de-
and the NH thermostat was used. Furthermore, in this caseijation atQ° in the larger system is substantially larger than
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FIG. 2. Temperature deviations from the target temperafyre I .

. FIG. 4. Temperature deviations and the average of the chain
producetd by_tl_r;f NHF(:jtlr_lermosl[aqst.(:)—(?_L] a;sha function of the variable{, obtained under the modified NHC thermodiats.(9)—
parameteQ. The solid line is meant to guide the eye. (12)] at several different values of the parameddithe WCA fluid,

N=108, T,=0.722, 0=0.8442, y=1, Q=Q°). The dashed and

that in the small system. Thus, &5 is proportional to\, the ~ solid lines are 6th and 5th order polynomial fits to the simulation

deviation from the target temperature produced by the NHC'fiata’ respectively.
dynamics withQ°® increaseswith the number of particles in

the system. ginal and thus, a further increase bf does not help in
The influence of the value of th®, parameter is less achieving the desired temperaturg.
critical on the calculated temperature, and as lon@ass The above results clearly demonstrate that for a system

not substantially different from®°/N, the result is relatively ~out of equilbrium the NHC approach is not able to provide
insensitive to its precise value. dynamics consistent with the desired temperature. We should

As one can see in Fig. 3, the “temperature” in the NHC add, however, that in calculations wi~Q°® andM =3 the
dynamics is also a function of the strain rate. The dependeviations from the correct results become practically unde-
dence is roughly exponentiglT)=T,+ A exp@y), whereA tectable ify is less than 0.2. Thus, at small shear rates not
and a are constants which in general depend @rand N. too far from equilibrium, the drawbacks of the NHC scheme
In the particular state studiedN& 108, Q=Q°) we found  are not so serious, even for systems with a fairly large num-
that A=2.06x 10" ° anda=6.86. Asa is fairly large andA ~ ber of particles.
is small the deviations from the desired temperature increase Some explanation of the inability of the NHC approach to

markedly for shear strain rates greater than 0.5 but are pragroduce the correct steady-state averages in the nonlinear
tically indetectable for the strain rates less than 0.2. regime can be deduced from the equivalence theory of the

Also the number of thermostat variables used in the NH¢hermostatted nonlinear responses derived by Evans and Sar-
scheme does influence the resulting “temperature.” TheMan[14]. As has been demonstratgti7, 14, both theoreti-
most significant improvment is achieved whein=3 is used ~ cally and by the MD simulations, the different thermostatting

instead ofM =2. ForM >3 the improvment, if any, is mar- approaches yield essentially the same time correlation func-
tions and steady-state averages even in the far-from-

equilibrium nonlinear regime. In particular, it has been
shown that(in the large system limitthe Gaussian and

] NoseHoover isothermal thermostats produce the same
0.02 3 steady-state averages.

] In the theory the same steady-state average value of
the phase-space compression facibb] A are assumed
for the Gaussian and Nos¢oover thermostatted systems.

] This assumption apparently is not fulfilled in the case of the
0.01 1 NHC thermostat. FoM =2, for example, the phase-space
] compression factoN yyc= — 3N{yuc— ¢», differs from the
appropriate Nosé&loover compression factor Ayy
=—3N{nn, by {5. As it is reasonable to assun{éyic)
—(¢{nn)=0 the average compression factors differ(ldy).

<T>-T,

0.00 #rrerr Ta— . e S S

00 02 04 06 08 1.0 Thus, as far ag{,)#0 one may expect that the NHC dy-
v namics will produce different results to the NH dynamics.
(Note that at equilibrium{¢,) is equal to zero and the NH
FIG. 3. Temperature deviations from the target temperafyre and NHC schemes produce the same, correct, result.
for 108 WCA fluid (T;=0.722, 0 =0.8442, Q=Q°) as a function The above considerations suggest that if the NHC equa-

of the strain ratédots. The solid line is the exponential fit. tions could be modified in a way to produ¢g,)=0, they
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TABLE I. Comparison between the three thermostats for 108 WCA particles under ghelarat T,
=0.722 andp =0.8442.

Gaussiah NH NHC NHC NHC
Property const T const T M2 B=0.983 M=5 B=0.983 M=2 B=0
(0 0.9892) 0.9842) 0.9812) 0.9832) 0.9434)
(T) 0.722 0.7220 0.7220 0.72¢0 0.7431)
U 0.8311) 0.8361) 0.8311) 0.8541)
Pyy 1.7863) 1.7822) 1.7792) 1.7813) 1.7843)
Pyx 7.1825) 7.1835) 7.1817) 7.1837) 7.2976)
Pyy 7.2072) 7.2085) 7.2045) 7.2044) 7.3117)
P, 6.8325) 6.8343) 6.8323) 6.8316) 6.9468)
- 0.0122) 0.0134) 0.0124) 0.0114) 0.0074)
Mo 0.1801) 0.1812) 0.1803) 0.1813) 0.1793)

3 rom Ref.[14].

would also be expected to produce correct steady-state aveaehieved. Thus, using the modified NHC thermostat together
ages in the nonlinear regime at a given temperature. This i@ith B~({) we are able to overcome the main problem with

the subject of the next section. the NHC dynamics. Moreover, properties of the system cal-
culated with this thermostat are totally consistent with the
Ill. MODIFIED NHC THERMOSTAT results produced by the NH and Gaussian dynamics. This is

demonstrated in Tables | and II.

We propose to consider the following modified NHC Table | presents some basic properties of the small system

equations: under shear obtained with the various thermostats. #he
. N Pi2 and »_ denote the viscosity coefficients defined -agP,,
52(2’1 E_ngT / Q—({—B)¢,, (9) —(Puxt Py)2]2y and —(Py—Py)/2y. P,z are the

components of the pressure tensor and U is the average po-
. ) tential energy per particle. All the properties produced by the
{2=[Q({—B)"—kgT]/Qz— {23, (10) NH and the modifed NHC dynamics agree very well within
) estimated statistical uncertainties. Apart from the average of
Im—1=(Qu-28k >—keT)/Qu-1—¢u-1ém. (1D the¢, they also agree well with the results of the Gaussian
thermostatted dynamics. The difference in this, however,
Im=(Qm-1£4_1—ksT)/Qy . (120 less thanO(1/N)=0.01 which means the results agree ac-
cording to predictions of the theory of equivalence of ther-
The above equations differ from the original NHC equa-mostatted responses. For comparison, the last column in the
tions only by the appearance of a constBnih Egs.(9) and table shows apparently incorrect results produced by the
(10). The role of this constant is demonstrated in Fig. 4. Asoriginal NHC equation$Egs. (1), (2), (4)—(7)]. The results
one can see, the calculations performed with diffeBfgad  for the same properties obtained for larger 512- and 2048-
to the different kinetic “temperatures” in a way well- particle systems are shown in Table II. Here all the proper-
described by a fifth order polynomial. An important fact is ties, including({), agree within estimated statistical uncer-
that at particular values @ close to{{), the average of, tainties. They also agree very well with the results of the
becomes practically zero and the target temperature i§aussian constant temperature dynamics. It is to be noticed

TABLE Il. Comparison between the three thermostats for 512 and 2048 WCA particles underyshear
=1, atT;=0.722 andp =0.8442.

NH (N=512) NHC (N=512) NH (N=2048) NHC (N=2048)  Gaussigh

Property consf M=2, B=0.989 consfT M=2,B=0.990 (N=2048)
() 0.9913) 0.9912) 0.9892) 0.99013) 0.9902)
(T) 0.7220 0.7220 0.7220 0.7220 0.722
U 0.84%1) 0.8451) 0.84%1) 0.8441)

Pyy 1.8095) 1.8092) 1.8064) 1.8095) 1.8081)
Pyx 7.2244) 7.2243) 7.2247) 7.2298) 7.2262)
Pyy 7.2699) 7.2694) 7.2715) 7.2709) 7.2693)
P,, 6.9094) 6.9094) 6.9097) 6.9134) 6.9122)
7 0.0235) 0.0232) 0.0244) 0.0215) 0.0212)
7o 0.1693) 0.1693) 0.1693) 0.1685) 0.1682)

3From Ref.[14].
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0.8 7 IV. CONCLUSIONS

e In this work we have shown that the NHC thermostat does
influence the values for the steady-state properties of a mo-
lecular system under shear. In particular, we have confirmed
the observation made by Holiagt al. [13] that the NHC
thermostat does not guarantee that the target kinetic tempera-
ture is achieved in the system out of equilibrium. It has been
demonstrated that the kinetic “temperature” produced by
the NHC thermostat depends strongly on tQeparameter

ACXX(t‘)

0.000 /\/\

-0.001
00 01 02 03 04 05

time t

0.6 ]

Cult)

0.4 1

0.2 4 and the strain rate. It also depends on the number of thermo-
stat variables used in the NHC scheme. The strong strain rate
0.0 ] dependencdexponential-like growth means that an influ-

ence of the NHC thermostat is hardly observed at small shear
rates in small systems when more than two chain variables
are used.

Our calculations and the theory of the thermostatted non-

FIG. 5. The steady-state peculiar velocity autocorrelation funcdinear responsegl4] indicate that the failure of the NHC
tion, Cy(t)=(p«(t)py(0))/m?, computed for the 108-particle approach for nonequilibrium states is closely related to the
WCA fluid with the NH and modified NHC dynamics. On the scale production of nonzero values of the chain variable averages.
of the graph both curves are the same. The differences betwedtthas been shown how a simple modification of the original
them AC,, shown in the inset, are within the estimated statisticalNHC equations, which provides zero value chain variable
uncertanties of the ACE-0.001. averages, can lead to the correct thermostat-independent re-
sults for both the steady-state averages and steady-state time

that there are no statistically significant differences betweefOrrelation functions. _ _

the results obtained for 512 and 2048 particle systems. Some The modified NHC equations contain only one exira pa-
statistically significant differences are, however, apparent be@meter which basically is equal to the average of the first
tween the properties of the sméllable ) and large(Table chalr) variable. In _§p|te of its S|mpI|C|ty, the mod|f|c§t|0n
) systems. The magnitudes of all propertiésxcept requires some addltlonal computational effort to establish the
70,7-) increase slightly by a few percent with increashg appropriate value of th|_s e>_<tra parameter_a_lt each state point.
This N dependence has also been reported by Evans arfgonsequently any application of the modified NHC thermo-

Sarman[14]. It should be stressed however that in spite ofStat away from equilibrium becomes considerably less rou-
this N dependence, for a giveN the estimates of the prop- finé and should only be used if other approaches such as the
erties are thermostat independent. NH or Gaussian thermostats cannot be applied.

Finally, an ability to reproduce properly the dynamic re-
laxation behavior was tested by the calculation of the steady- ACKNOWLEDGMENTS
state peculiar velocity autocorrelation functi@y,(t). The This work was supported by the Polish Committee for
resulting functions computed with the modifed NHC and NH Scientific ResearckKBN) under Grant No. 8T11F01214. |
thermostats are plotted in Fig. 5. On the scale of the graplvould like to thank David Heyes and Krzysztof
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